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ON THE SCATTERING OPERATORS FOR ACHE METRICS OF 
BERGMAN TYPE ON STRICTLY PSEUDOCONVEX DOMAINS 

FANG WANG 


Abstract. The scattering operators associated to an AGHE metric of Bergman type on 
a strictly pseudoconvex domain are a one-parameter family of CR-conformally invariant 
pseudo-differential operators of Heisenberg class with respect to the induced CR structure 
on the boundary. In this paper, we mainly show that if the boundary Webster scalar 
curvature is positive, then for 7 s (0,1) the renormalised scattering operator P27 has 
positive spectrum and satisfies the maximum principal; moreover, the fractional curvature 
<327 is also positive. This is parallel to the result of Guillarmou-Qing |GQ| for the real 
case. We also give two energy extension formulae for P27, which are parallel to the energy 
extension given by Chang-Gase m for the real case. 


1. Introduction 

The scattering operators associated to the Laplacian operator for a real asymptotically 
hyperbolic manifold have been extensively studied, see for example piT] [GZj [JS] [GQ] 
|CC] and the references cited there. The purpose of this paper is to extend some results in 
and |CC| to asymptotically complex hyperbolic (ACH) manifolds. Similar as in |GQ| 
and m, the author here is particularly interested in (approximate) asymptotically complex 
hyperbolic Einstein (AGHE) manifolds with infinity of positive GR-Yamabe type. 

Before discussing the asymptotically complex hyperbolic manifolds, let us first recall some 
results for real asymptotically hyperbolic manifolds, which should help us to understand 
the complex case. Suppose X is a manifold with boundary of dimension n + 1 and p is a 
smooth boundary defining function. Let p be a smooth metric in the interior X such that 
g = p^g is smooth and nondegenerate up to the boundary, satisfying \dp'\^ 1 when p 0. 

Then in a collar neighbourhood of M, denoted by [0,e)p x M, 

g = dp^ + gp 

where gp a smooth-one parameter family of Riemannian metric on the boundary M. Then g 
is asymptotically hyperbolic in the sense that all the sectional curvature has limit -1 when 
approaching to the boundary. The metric g induces a conformal class [po] on the boundary 
by choosing different boundary defining functions. A standard example is the ball model of 
real hyperbolic space i.e. the unit ball c equipped with metric 

h = ^{l-\z\^)-^dz^. 

The spectrum and resolvent for the Laplacian operator for {X,g) were studied by 
Mazzeo-Melrose [MM| . Mazzeo |Maj and Guillarmou |Gul] . The spectrum of A^ consists of 


Date. January 6, 2016. 

The author was supported by Shanghai Pujiang Program No. 14PJ1405400. 

1 


GQ 






















2 


FANG WANG 


two disjoint parts, the absolute continuous spectrum aad^g) and the pure point spectrum 
app{Ag) (i.e. L^-eigenvalues) . More explicitly, 

(Taci^g) = [n^/4, oo) , app{Ag) c (0,n^/4). 

The resolvent R{X) = {Ag - A(n - A))“^ is a bounded operator on L^(X,dvol^) for A e C, 
Re(A) > A(n-A) ^ crpp(Ag), which has finite meromorphic extension to C\{^^--fC-No}, 
where 2K is the order up to which the Taylor expansion of gp is even. For example, if Qp 
has complete even taylor expansion at p = 0, then R{X) has finite meromorphic extension 
to entire C. If g is Einstein (i.e. g is Poincare-Einstein), then for n odd, the Taylor 
expansion of gp is even up to order n - 1 while choosing p to be the geodesic normal 
defining function. In this case, R{X) has meromorphic extension to C\(-No). For n even, a 
Poincare-Einstein metric g has logarithmic terms in the asymptotic expansion of gp. This 
makes g = p^g not smooth up to the boundary. However, the analysis of spectrum and 
resolvent above is still valid except that the mapping property of R{\) changes a bit. 
See [CDLS| for the asymptotic expansion of Poincare-Einstein metric and |Gu2] for more 
details on meromorphic extension of the resolvent. In particular, Lee [Lelj showed that 
for PoincarGEinstein metric, if the conformal infinity is of nonnegative Yamabe type, then 
there is no L^-eigenvalue and hence o'(Ag) = aac{Ag) = [n^/4, oo). 

The scattering operators associated to Ag are defined as follows: for any / e and 

Re(A) > A(n - X) ^ ^ppi^g)^ 2A - n ^ N, there exists a unique solution to the following 
equation 

AgU - A(n - X)u = 0, 

such that 

u = x^-^F + x^G, F,G F\m = f. 

Then the scattering operator is defined by 


S{X)f = G\M. 


Here S'(A) is an elliptic pseudodifferential operator of order 2A - n, which is conformally 
covariant on the boundary. Moreover, S{X) can be extended meromorphically to C\{^^ - 
K - No}, where K is the same as above. The poles at Aq > §, Ao(n - Aq) e o'ppi^g) or 
2Ao -n e N, are of first order. For simplicity we define the renormalised scattering operators 
by 


P2a 


^ n2a r(a) 
F(-a) 


S 



If g is approximate Einstein, i.e. 


Ricg + ng = 


{o{pn 


for n odd, 
for n even. 


then P 2 k for k = 1,...,[^] are GJMS operators. In particular, P 2 is the Yamabe operator. 
See [GZ| for more details. If the conformal infinity is of positive Yamabe type, the scatting 
operators are studied by Guillarmou and Qing |GQ|. They showed that 


Theorem 1.1 (Guillarmou-Qing). Let {X,g) be a Poincare-Einstein manifold of dimension 
n -I- 1 > 3. The first scattering pole is less than ^ - 1 if and only if its conformal infinity 
{M,[go]) is of positive Yamabe type. Moreover, in this case, for all ae (0,1], P 20 satisfies 

(a) the first eigenvalue is positive; 

(b) Q2a = P2a^ is positive if choosing go with positive scalar curvature; 
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(c) the first eigenspace is generated by a single positive function; 

(d) its Green function is nonnegative. 

A new interpretation of the renormalised scattering operator P 2 a is given by Case-Chang 
in ra as a generalised Dirichlet-to-Neumann map on naturally associated smooth metric 
measure spaces. The authors exhibited some energy identities for P 2 a on the boundary in 
terms of energies in the compact space {X,g). This connects the positivity of renormalised 
scattering operators to the positivity of curvature terms for the compactified metric g. In 
particular, while a Poincare-Einstein metric has positive conformal inhnity, Qing |Qi| showed 
that there exists a suitable compactification such that g has positive scalar metric, which 
implies that P 2 a has positive spectrum for a e (0,1) from Case-Chang’s energy identity. 


In this paper, we consider a complex manifold X of complex dimension n+1, with strictly 
pseudoconvex boundary M - dX. The complex structure on X naturally induces a CR- 
structure (H, J) on M, where H = Re^, P. - Ti.oAT n CTM and J : H —>• H is defined by 
J{V + V) = \/^{V - V). Let /? be a smooth boundary defining function such that /? < 0 on 
X. Assume the function -log(-/?) is plurisubharmonic. We consider the Kahler metric g 
induced by Kahler form 

u = -^i^dd\og{-p). 


The metric g is asymptotically complex hyperbolic in the sense that the holomorphic sec¬ 
tional curvature has limit -4 when approaching to the boundary. More explicitly, g takes 
the form 


9 = — + {^-rp) 
-P 


({dp? , {0r?\ 
\ 4p2 I 


near M, where hp and 9p have Taylor series in p at p = 0. In particular, 6q gives the contact 
form on M and ho induces a pseudo-Hermitian metric on H. Moreover, the conformal 
class of the boundary pseudo-Hermitian structure is independent of choice of boundary 
defining function. A standard example is the complex hyperbolic space it is the ball 

jgn+i _ g : \z\ < 1} equipped with Kahler metric h'^ induced from the boundary 

defining function p = \z'\^ - 1. 

The spectrum and resolvent of the Laplacian operator were studied by Epstein- 

Melrose-Mendoza [EMM| and Vash-Wunsch [VWj . Actually in both papers, the authors 
studied more general ACH manifolds. Similar like the real case, the spectrum of A^ con¬ 
sists of two disjoint parts: the absolute continuous spectrum aac{P^g) and the pure point 
spectrum app{^g). More explicitly. 


(Taci^g) = [{n + 1)^/4, oo), app{Ag) c (o, (n + 1)^/4) . 


The resolvent R{s) = (A^ - s(n + 1 - s))“^ is a bounded operator on L^(A, dvolg) for 
s e C, Re(s) > and has hnite meromorphic extension to C\(-No). The smoothness of 
p implies that the metric has even asymptotic expansion in the sense of [EMM]. If g is 
Kahler-Einstein, or equivalently if p is a solution to the complex Monge-Ampere equation, 
then generally speaking p is not smooth up to boundary and it has logarithmic terms in the 
taylor expansion at boundary with respect to smooth coordinates. See [LMj for more details. 
The analysis of spectrum and resolvent is still valid except that the mapping property of 
R{s) changes a bit. 
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The scattering operators associated to is defined in a similar way as the real case. 

For any / e C°°{M) and s e C, Re(s) > s{n + 1 - s) ^ app{^g) and 2s - (n + 1) N, 

consider the equation 


AgU - s(n + 1 - s)u = 0 . 
There exists a unique solution u such that 


u = p^^^-^F + p^G, F,G^C°°{X), F\M = f. 


Then the scattering operator S{s) is defined by 


S{s)f = G\M, 


which is a pseudo-differential operator of Heisenberg class of order 2(2s-n-l), conformally 
covariant and having meromorphic extension to C\(-No). See |EMM] |GS| for more de¬ 
tails on the scattering theory and [BG] [EM| |Ge| |Po] [T^ for the Heisenberg calculus. For 
simplicity, we also dehne the renormalised scattering operators as 


P27 = 2'^ 


r(7) 

F(-7) 


s 


( 


n -H 1 -H 7 '^ 

2 )' 


If g is approximate Einstein (see Definition [T]) , then P 2 k for k = l,..,n + 1 are GR-GJMS 
operators of order 2k. In particular, P 2 is the GR-Yamabe operator. See [HPT] . This 
gives a different approach to construct the GR-invariant powers of sub-Laplacian studied 
by Grover-Graham |GG| as well as the Q-curvature by Eefferman-Hirachi [FHj . 

The first result of this paper is parallel to the positivity result given in |GQ| : Here the 
definition of approximate ACHE metric is the same as in [HPT] . See Definition [1] for details. 


Theorem 1.2. Suppose X is a complex manifold of complex dimension n + 1 with strictly 
pseudoconvex boundary M = dX and g is an (approximate) ACHE metric of Bergman type 
given by Kdhler form oj = -^^^ddlog{-p) for some boundary defining function p. Assume 
Ricg > -2{n + 2)g and the induced boundary CR-structure {M,J,0 q) has positive Webster 
scalar curvature. Then for 7 e (0,1), 

(a) Q 27 = T 27 I > 0 ; 

(b) for f € C°°{M), P 27 / > 0 implies / > 0 and P 27 / > 0 implies f > 0; 

(c) the bottom spectrum of P 27 is positive; more explicitly 

/P 27/0 A {dey > _£ \f?o A (d 0 )^ 

where C^ = minju Q 27 >0 on M. 

The second result of this paper is parallel to the energy extension formulae given in |GGj . 
In particular, while {X,g) is the standard complex hyperbolic space /i®") and the 

GR-boundary is the Heisenberg group, Frank-Gonzalez-Monticelli-Tan gave an answer to 
the extension problem in [FGMTj . In the general case, the energy extension formulae is as 
follows: 


Theorem 1.3. Assume the same as in Theorem \1.A For ^ e (0,1), let s = tWHj. (xjid 
solve the equation AgU - s{n - 1 -1 - s)u - 0 with Dirichlet data f. 

(a) Define U by u = {-p)^'^^~^U. Then 


dy ^ fP 2 yfe A (d0)" = {[{\dp\l - p)- p^] U,U- + (n + 1 - s^U^} 


dvolp > 0. 
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(b) Define W and U' by u = wU' - ^WU' where w solves the equation 

s{n + 1 - s)w = 0 with Diriehlet data 1. Then 

d-y(f {fP2^f-Q2^f)0A{der= f {-prw‘^U\dp\l-p)p^~^-py]u'mdvoip>0. 

J M J X ^ 

Here d^ = > 0 and dvolp = det H{p)dz^ a dz^ a - a dz^^^ a dz^^\ 


This paper is organised as follows. In Section 2, we introduce the geometric setting and 
previous results of the spectral and scattering theory in this background. In section 3, we 
talk about the case that the boundary CR-structure {M,J,6) has positive (nonnegative) 
Webster scalar curvature and prove Part (a) and (b) of Theorem II.21 In Section 4, we prove 
the two energy extension formulae given in Theorem 11.31 and Part (c) of Theorem 11.21 
Acknowlegement: The author would like to thank Paul Yang, Sun-Yung Alice Chang, 
Jefferey Case and Richard B. Melrose for helpful conversation while this paper is prepared. 


2. Geometric Setting 

Suppose Y is a compact manifold of complex dimension n -h 1 , with boundary M = dX. 
Denote by X the interior of X. Let p e C°°{X) be a boundary defining function, i.e. p < 0 
in Y, p = 0 on M and dp{p) ^ 0 for all p e M. 

We make two assumptions on Y and p throughout the following paper. 

(Al) The boundary M is smooth and strictly pseudoconvex, i.e. there exists some bound¬ 
ary defining function p e C°°{X) such that p is strictly plurisubharmonic near M. 
(A2) The function = -log(-p) is strictly plurisubharmonic all over Y. 

2.1. ACH Kahler manifold. The Kdhler form associated to = -log(-p) is defined by 

( 1 ) = = 

By assumption (A2), oo^j, is a positive real (l,l)-form and hence induces a Riemannian 
(Kahler) metric 

(2) g^{V, W) = LO^{V, JW), V P, W e TY; 
and a Hermitian metric /i^: 

(3) h^{V,W) = -2VPlu:^{V,W), VP,ITeri,oY. 

In local holomorphic coordinates { 2 * : i = l,...,n + 1}, 

( 4 ) ojtf) = fifjdz'^ A dzfi g^j, = - fifjdz^ © dz\ h^ = fifjdz^ ® dzfi 

Notice that in our convention the Kahler metric has components Pjj = Denote by 

and H{p) = YPij] the Hessians of and p. Then 

Assumption (A2) says H{(p) is positive definite in Y and hence invertible. Let be the 
inverse of H^fi) and denote 
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Then 

(5) det H{p) = {-pY^^ (1 - |#|5) det 

Lemma 2.1. Given positive definite, then H(p) is positive definite if and only if 


If H(p) is also positive definite with inverse then 

YY \ 



1 / 

(6) 

II 

1 \ 

1 

-P \ 

In this case we 

can denote 


p* = pjp*^ f^ = pip'^ 

Then 


(7) 

detl/(0) = (-p)-(”+2)( 

Moreover we can recover [0*-^] from [p*-^] by 




1 


( 8 ) 




A direct computation by Li-Wang [LW] shows that all the curvature tensor is approxi¬ 
mately constant when approaching to the boundary. More explicitly 


dd-ijkl 


^ {^ij<PkT+^kj(PiT) + ^ (^) = 2 {9ij9kl+9kj9il) + 


Hence the Kahler metric g^j, is asymptotically complex hyperbolic (ACH) with all the holo- 
morphic sectional curvature having limit -4 when p ^ 0. The Ricci curvature tensor for 
the Kahler metric can be expressed by 

(9) Rfj = - {logdetH{(j)))-j = -(n-r 2)0- - (log J[p])- , 
where J[p] is the Fefferman operator dehned by 

(10) J[p] = -det 


P Pj 
Pi Pi] 


in local holomorphic coordinates. Using above notation, 

(11) J[p] = {\dp\l- p) det H{p) = det 17(0). 

If J[p] = 1, it is easy to see from ([9]) that the Kahler metric is Einstein, i.e. 

Ric^ = -2{n + 2)g^. 


We call such g^p asymptotically complex hyperbolic Einstein (ACHE) metric of Bergman type 
and will discuss this more in Section ESI 
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2.2. CR boundary. The complex structure on X defined in Section 12.11 induces a CR- 
structure on the boundary M. For the purpose of studying the asymptotic behaviour of 
metric defined by ([2]), we will also discuss the CR structure on each level set = {p = -e} 
for sufficiently small e > 0. Notice that there exists some eo > 0 such that for each 0 < e < eo, 
Mg is a smooth manifold of real dimension 2n + 1. Denote by [/ = {-eg < p < 0} the collar 
neighbourhood of M in X. 

The CR-structure on Mg is defined by the hyperplane bundle Mg = ReMg with 

Mg = CTMg n TiflU, 

and a smooth bundle map 

(R + R) ^ Vm(R-R), 

which gives the almost complex structure on Mg. From the definition, the CR-structure is 
automatically integrable since [Mg, Mg] c Mg. Associated to the boundary defining function 
p, there is a real one-form 

© = 

which induces the contact form 6^ = i*Q on each Mg by the pullback map of embedding 
ig : Mg ^ X. The Levi form on Mg is defined by 

= -\/Md0g. 


ForR,lReMg, _ _ _ _ 

LeSy,W) = -\/^d9,{V,W) = ddp{V,W). 

A continuity argument shows that is positive definite for sufficiently small e > 0 since 
M is strictly pseudoconvex. Hence it defines the pseudo-Hermitian structure on each Mg 
for e > 0 small. 

Notice that if p = p for some F e C°°{X), then p also induces a contact form 0g on 
Mg = {p = -e}, as well as the Levi form Lg . By simple computation, 

Oq — e Oq , ^9q ~ ^ 5 

where / = F\m- Therefore the conformal class of the contact form and pseudo-Hermitian 
structure on M is independent of choice of boundary defining function. Generally speaking, 
this is not true on Mg if e > 0. 

Let H be a (l,0)-vector filed on the collar neighborhood M of M and satisfy 

dp{E) = l, E-\ddp = rdp, 

for some r e C°°{U). Such E is uniquely determined by p. And r is called the transverse 
curvature. Decompose E into real part and imaginary part: 

where N, T are real vector fields on U. It is easy to show that 


dp{N) = 2, dp{T)=0, 0(M) = O, 0(T) = 1, T^d9e = 0. 

Hence T is the characteristic vector field for each (Mg, J, 0g) and N is normal to Mg. 

Next we write some explicit formulae in local frame that is compatible with the CR- 
structure on Mg. For simplicity, denote 


9 = 9,, M = Mg, Le = Le,. 
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Let {Wa ■ a = be a local frame for Ti. Then {Wa,Wa,T : a = l,...,n} forms a 

local frame for CTM^ and {Wa,Wa,T,N : a = l,...,n} forms a local frame for TU. Let 
0 " be the dual form of Wa, then : a = 1, is a dual coframe for CT^Me and 

{0°‘,9°‘,dp,dp ■■ a = l, ...,n} is a dual coframe for T*U. 

The Levi form on each Ti is given by 

Le = A 0^, 

where is a smooth function on U valued in Hermitian matrix. Then 

ddp = A 0^ + rdp a dp. 

It is easy to see that r is a real function. Near M, p is strictly plurisubharmonic if and only 
if r > 0. Then the Kahler form can be expressed by 

(12) a;^ = N/^(^h„^rA0^ + i^5pAap), 

and the induced metric is given by 

(13) i Qe^ + l^dpQdp'^ . 

Denote 

iT„+i = H, = o^^^ = dp, e^ = dp. 

In what follows, we use Greek indices as integers chosen from {l,...,n} and Latin 

indices i,j, ... as integers chosen from {1, ...,n + 1}. 

Graham and Lee proved in m- 

Proposition 2.1. There exists a unique linear connection V on U such that 

(a) For any vector field V,W tangent to some VylL = VylL, where is the 
pseudo-Hermitian connection on M^. 

(b) V preserves H, N, T and Lg: for any X e TU, VxFL c H and VT = VN - VLg = 0. 

(c) //{ITq, : a = l,...,n} is a frame of H and {9‘^,dp ■ a = l,...,n} is the dual (1,0)- 
coframe on U, then the connection 1-forms, defined by VWa = p£ ®Wp satisfy the 
following structure equation: 

d9^ = 9^ A pffi - ^/^^p A r“ + V^{W'^r)dp a9 + ^rdp a 0“ . 

Here V is called the ambient connection defined by p. 

The ambient connection was used to study the asymptotic behaviour of Laplacian oper¬ 
ator in m and [HPT] . 

2.3. Approximate ACHE metric. An approximate asymptotically complex hyperbolic 
Einstein (ACHE) metric of Bergman type dehned on a complex domain is given by an 
approximate solution to the Monge-Ampere equation. 

Let D be a pseudoconvex domain in with smooth boundary clD = S. If p e C°°{Cl) 
solves the Monge-Ampere equation 


(14) 


J[p] = 1 in D, 
p|o = 0, on S, 
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then the Kahler metric induced by Kahler form with </> = -log(-/ 9 ), is 

Kahler-Einstein. Feffermen showed that for any strictly pseudoconvex domain O c 
with smooth boundary S, there exists an approximate solution p e C°°{Q) satisfies 

ij[p] = l + 0{p^^^) in Cl, 

[p|fi = 0 , on S. 

Cheng and Yau |CY| showed the existence and uniqueness of the exact solution to (I14p which 
is in C°°{Cl) n Lee and Melrose [LMj investigated the asymptotic behaviour 

of this exact solution and showed that the solution has only conormal singularity expressed 
by logarithmic terms begins at order n + 3. 

Hislop, Perry and Tang |HPT| extended Fefferman’s approximate solution to complex 
manifolds with strictly peudoconvex boundary. 

Definition 1. We call a Kahler metric g on X an approximate ACHE metric of Bergman 
type if g is induced by the Kahler form to = -■^^551og(-/?) where p is a global approximate 
solution to the Monge-Ampere equation in the following sense: p is a smooth boundary 
defining function and for any p € M, there exists a neighbourhood U c X and a set of 
holomorphic coordinates {Y '-i = 1, ...,n + 1} such that 

fj[p] = l + C)(p"+ 2 ) inUnX, 

|/0 = 0, on U n M. 

The condition of existence of global approximate Monge-Ampere solution is given by 
Hislop, Perry and Tang [HPT] : 

Proposition 2.2. Suppose is a compact complex manifold with boundary M = dX. 

There exists a global approximate solution p to the Monge-Ampere equation in a neighbour¬ 
hood of M if M admits a pseudo-Hermitian structure 6 with the following property: in a 
neighbourhood of any point p e M, there is a local closed (n + 1,0) form ^ such that 9 is 
volume-normalised with respect to 

For n> 2, the condition of existence of global approximate solution to the Monge-Ampere 
equation can be given in a more geometric way, followed from the result given by Lee [L^ : 

Proposition 2.3. For dimM > 5, a contact form 6 on M is pseudo-Einstein if and only if 
for each p € M there is a neighbourhood of p in M and a locally defined closed section ^ of 
the canonical bundle with respect to which 6 is volume-normalised. 

Remark 1. Given a CR-manifold, a pseudo-Hermitian structure is called pseudo-Einstein 
if the pseudo-Hermitian Ricci tensor is a scalar multiple of the Levi form. This concept is 
very different from its analogue in Riemannian geometry. For example, the pseudo-Einstein 
condition does not imply that the scalar curvature is a constant, due to the presence of 
torsion in the Bianchi identity in pseudo-Hermitian geometry. 

2.4. Beltrami-Laplacian opeator. In this paper, the Beltrami-Laplacian operator asso¬ 
ciated to the metric g^ is defined by = ijd. For a real function u 

(15) A^u = -(jf^Ufj 

in local holomorphic coordinates {z'^ : i = 1, ...,n + 1}. In m Graham and Lee used the 
ambient connection to write A^ in the local frame {Wa,Wa,'E,3 : a = l,...,n} which is 
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compatible with the boundary CR-structure. They showed that near boundary, 

(16) ^<b = - -^^(N‘^ + T‘^ + 2rN + 2Xr)-2Af,+2nN 

4ll-rp 

where 

= r^Wa + r^Wa 

and Aft is the sub-Laplacian defined on each by 

^bu = -{u^ + u^) 

where the covariant derivatives are taken w.r.t. the Tanaka-Webster connection on each 
Me. Let X = -p. Then 

N = -2d,, 

and 

(17) {xd^f + {n + l)xd^ + {T^ + 2X,). 

\l+rx/ 2 4yl + rx/ 

Write A^ = Then 

(18) Lq =-{xdx)'^ + {n + l)xdx, Ll = ]^A^,+rQ{x^x)‘^, 

where r = tq + 0{x). This is computed in [HPT] by Hislop, Perry and Tang. 

Epstein, Melrose and Mendoza [EMM] studied the spectrum and resolvent for Laplacian 
of more general ACH manifolds. In our paper, the metric is of Bergman type and hence is 
even in the sense of [EMM] and |GS| . 

Proposition 2.4. The spectrum of A^ consists of two parts: absolute continuous spec¬ 
trum CTaci^p) and pure point spectrum app{A^)j which corresponds to the -eigenvalues. 
Moreover, 

C^aci^p) = [(n + 1)^/4, oo) , crpp(A^) c (0,(n + 1)^/4) . 

The resolvent R{s) = (A^ - s(n+ 1 - s))“^ is a bounded operator on for s e C, Res > 
and has a finite meromorphic extension to C\(-No) as a map: C°°{X) C°°{X). 

2.5. Scattering operators. For / e C°°{M) and s e C, Res > s(n + 1 - s) ^ app{Afi) 
and 2s - {n + 1) i N, there exists a unique solution u satisfying the equation 

A^tt - s{n + 1 - s)u = 0 , 

and having asymptotic expansion at boundary in the following form: 

U = {-pY^^-^F + {-pYG, F, G e C^{X), F\m = f. 

Hence we can define the scattering operator to be: 

S{s):G^{M) ^G^{M) 
f^G\M. 


Guillarmou-Sa Barreto |GS] studied the scattering operators for more general AGH mani¬ 
folds. In our setting, 
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Proposition 2.5. The scattering operators S{s) is a family of conformally covariant pseudo¬ 
differential operators of Heisenberg class ^\m) associated to the contact form 

d = 0 |mj where 9 = - dp), with principal symbol 

928 + 1 ^/ \2 

Here ||i^||_f/e denotes the Heisenberg norm on TM 

\\v\\He = [mv)^ + lde{v,jv)^y 

and denote the Fourier Transform from TM to T*M. 

Moreover S{s) extends meromorphically to C\(-No). It has at most poles of order 1 at 
each Sk = /c e N, the residue of which is a Heisenberg differential operator in 

'I'g(M) plus a projector appearing if and only if Sk{n + 1 - Sk) ^ o'pp(A^). At Sk, we have, 

= 22fc((fc-l)!fc!) ^"-i(~ 1 '&r'(M). 

We recommend the reader to seek for more details on the Heisenberg class of pseudo¬ 
differential operators in |BG| by Beals-Greiner, |Ta] by Taylor and [Po| by Ponge. 

For approximate AGHE manifolds, Hislop-Perry-Tang showed that the residues at certain 
poles are the GR-covariant GJMS operators on the GR-boundary: 


Proposition 2.6. If [(n + 1)^ - /c^]/4 ^ (Tpp(A^), the scattering operator S{s), associated 
to an approximate ACHE metric g^ of Bergman type has single poles at {n + 1 + /c)/2 with 
residue 

Res _ 71+1 + fc S{s) = CkP 2 k 
2 

where P 2 k CR-covariant differential operators of order 2k for 1 < < n + 1 and 

22 fcA:!(/c- 1 )!' 

For simplicity, we define the renormalised scattering operators by 


(19) P 27 = 2 '^ 

and the fractional Q-curvature by 


r(7) + l + 7 




In particular, when 7 = 1, 


P2 = ^b + 


n 


2(n + l) 


r(-7) 

Q2'y ~ ^2') 1 ■ 

Re-, Q2 = 


(^) 


n 


2(n + l) 


Rq 


where Rq is the Webster scalar curvature and P 2 is the GR-Yamabe operator of Jerison and 
Lee [JL]. 
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3. Nonegative CR-Boundary 


Throughout this section, we assume (A1)-(A2) and 
(A3) The boundary defining function p is a global (approximate) solution to the Monge- 
Ampere equation (see Definition [1]) ; 

(A4) RiC(j) > -2{n + 2)g^ in X, where is the induced Kahler metric by the Kahler form 
ujfP = with (j) = -log(-p). 

Then is (approximate) ACHE and the one-form 0 = - dp) induces a pseudo- 

Hermitian structure which is pseudo-Einstein on the boundary M. 


3.1. Preliminary Computation. Eirst we show that (approximate) ACHE solution forces 
a compatibility relation between the Webster scalar curvature and the transverse curvature 
at boundary. More explicitly, 


Lemma 3.1. Assumption (A3) implies that the Webster scalar curvature Rq and the trans¬ 
verse curvature r satisfy 


r = 


1 

n(n + 1 ) 


Re + 0{p). 


Proof. Since p is a global (approximate) Monge-Ampere solution, then for any p in M, there 
exists a local holomorphic chart {z*:i = l,...,n + l} such that 

J[p] = l + 0(p""2). 


According to the formulae given by Li and Luk the Webster pseudo-Ricci curvature 
on M is given by 


Rice{W,V) 


{ddlog J[p]) {W,V) + (n + ^w, V ). 


Hence 


Rg = n(n + 1) 


det R(p) 


J[p] 


M- 


Recall that detR(p) = (-p)'^'''^(l - \d(f)\‘^) det H(4>) and J[p] = e ‘^(-p)'^'*'^ det R((/)). It 
easy to see that near boundary 

det R(p) 


IS 


J[p] 


e*(l - \d4>\l) 


l-rp 


r + 0{p). 


□ 


Notice that (A3) also implies that at p = 0 the boundary pseudo-Hermitian structure is 
pseudo-Einstein. 

Lemma 3.2. Assume (Al)-(Af). If the Webster scalar curvature Rg>0 on M then in X, 

/ = e^(l-|#iy > 0 . 

Proof. First we recall some computation by Li-Wang in [LW] to prove the case of Rg > 0. 
In local holomorphic coordinates { 2 ;®:i = l,...,n + l}, using - cf-j = n + 1, we have 

- (|#| 2 ) = c)lH\dcP\l),j = + n + 1 + 4>k;i4>’^P 

Here we use to denote the covariant derivative w.r.t. metric g^j, and 
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Then by Cauchy-Schwarz inequality and assumption (A4), we have 

A^/ = - (j)^^ - |#||) - e'^[(|d(/)|^)i(/>j + 

> [|#|^ + (!>' + 

> 0 . 


From the proof of Lemma 13.11 


I\m = Am 


-Re > 0. 


n(n + 1 ) 

Applying the strong maximum principle and we get / > 0 all over X. Moreover, if I attains 
minimum 0 in the interior X, then I is identically 0 all over X. Next, we show that it can 
not be true if I e 0 on A. Otherwise, 1 - \d(l)\‘^ e 0 on A. For all sufficiently large t > 0, 
integrating by parts shows that 

0= f - |d(?!)|^)dvo4 = f [I - {t - n - 1) = F{t). 

J X J X 

Taking t ^ oo, we have /r({i;/)<0}) = 0 where n is the measure defined by the volume form 
dvol,^ = { 2 w ^ Y '^^ = deiH{(f))dz^ a dz^ a ••• a dz^'^^ a dz^'^^ . 

Then choose to sufficiently large and 

0 = ^ F{t)dt = -J e“^°‘^(to - n - l)dvol,ji. 


Hence 0 e +oo on A. However, it can not be true and we finish the proof. 


□ 


Notice that if Re is strictly positive, / > 0 is proved in [LW| . 

Lemma 3.3. Assume (A1)-(A4) and the Webster scalar curvature Re>0 on M. 

(a) If Re > 0 on M, then p is plurisubharmonic all over X. 

(b) If Re >0 on M, then p is plurisubharmonic in X. 

Proof. Part (a) is proved by Li and Wang |LWj . In local holomorphic coordinates {z* : i = 
1 ,..., re + 1 }, recall that 

Pfj = - 4>i4>j)- 

By assumption (A2), II{(p) is positive definite, so II(p) is positive definite if and only if 
det II(p) > 0. By direct computation, 

det H{p) = (-p)”+^(l - IdAl) det iL((^) = (l - |#|y J[p]. 

Using Lemma 13.21 we prove both (a) and (b). □ 


3.2. Test Functions. For simplicity, in the following of the paper, we always denote 

I = e^l-\dA\l) = r-^. 

\dp\p-P 

Define 

( 20 ) Vs = 
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Lemma 3.4. Assume (A1)-(A4)- If the Webster scalar eurvature > 0 on M, then in X 

—- s(n + l-s) = (n + l- s)‘^{-p)I > 0 

Vs 

for all s e M\{n + 1 }. 

Proof. Recall that in local holomorphic coordinates { 2 * : i = + 1}, = -cfl^Vfy 

Hence 

^^Vs - s(n + 1 - s)vs 

= - (;/)*■?{-{vi + 1 - s)4>fj + (n + 1 - s)'^(l)i4>j) - s{n + 1 - 5)6“*- 
= (n + 1 - (1 - |d<^|2 ) > 0 

in X by Lemma 13.21 □ 

Define 

(21) WK = {-p)~ [-log(-p) + R'] = e~^‘^ {(f + K). 

Lemma 3.5. Assume (Al)-(A4). If the Webster sealar eurvature Rq >t) on M, then for 
suffieiently large K > 0, wk is positive and in X, 

^4>wk (n + 1 )^ ^^ 

Wk 4 

Proof. Direct computation shows that 

^<I)WK - WK = - |#|^) - (n + 1 ) + + > 0 

in X by Lemma 13.21 if K is large enough. □ 

3.3. Spectral and Resolvent. We generalise some results of l*jQI by Guillarmou and 
Qing for Poincae-Einstein metric to ACHE metric of Bergman type. 

Lemma 3.6. Assume (Al)-(A4) and Rg > 0 on M. If u € {-p)~C^{X) solves 

(n + 1)^ 

^<t,u - 

then u = 0. 


Proof. Consider the equation for ujwK for K > 0 large: 

^<I,WK 


A, 




n + 1 - s) - 


WK 


+ ( —) (logn;;,)j + ( —) (logics), 

/ \WK / \WK/i \Wk/1 


Here by assumption 



= 0 . 


WK 

Hence applying Lemma 13.51 and maximum principle shows that u = 0. □ 

Proposition 3.1. Assume (A1)-(A4). If the Webster sealar eurvature > 0 on M, then 

= Vfac{^<f>) = [{n + 1)^/4, 00 ) . 

Moreover, the resolvent R{s) = (A^ - s(n + 1 - s))“^ is analytie at s = 














SCATTERING OPERATORS FOR ACHE METRICS OF BERGMAN TYPE 


15 


Proof. The first statement is proved in [LW] . For any real s < the test function 
0 < Us = e L^(X,dvol^). Since - s{n + 1 - s)vs > 0, it implies that there 

is no L^-eigenvalues less than s(n + 1 - s). Since s is arbitrary, (Tpp(A^) = 0 . Hence 
= (Tac( A(^) = [(n+ 1)^/4, oo). The resolvent R{s) has a finite pole of order < 2 at 
corresponding to solutions solving 


A0U- 


(n + 1)^ 

4 


u = 0 


and belonging to dvol,^) or (-p) 2 C^(X). First, it is showed in |EMM| that ^ 

(Tpp(A^), so there is no solution belonging to dvol^). Second, by Lemma iTGl there 

is no solution belonging to {-p)~C^{X). Hence R{s) is analytic at s = □ 


3.4. Scattering. 


Proposition 3.2. Assume (A1)-(A4). For ^ € (0,1) and at any p € M, 

(a) Re{p) > 0 implies Q 2 'y(p) > 0 ; 

(b) Re{p) > 0 implies Q 2 'y{p) ^ 0. 

Proof. Denote s = Let w solves the equation 

A^m - s{n + 1 - s)w = 0 , u; ~ (-p)"'’^^~* as p ^ 0 . 

Then using the asymptotic expansion (fT 8 ]l of A^, we can compute the asymptotical expan¬ 
sion of w as follows: 


where 


W = [1 + {-prs{s)l + (-p)u;i + 0((-p)'"^)], 

-1 (n + 1 - s)^ 


Wl 


2s - n-2 n{n + 1 ) 
Compare w with Vg. Then wjvs satishes 


-Re- 


(22) A, 


01-' 


n + 1 - s) 




At the boundary 


© 


M 


1 . 


By maximum principle, w <Vs = (-p)”^^ ^ ah over X. So near boundary 

l + (-p)^5(s)l + (-p)u;i+0((-p)i"^)<l. 


If wi{p) > 0, then it forces ^(s)! < 0 at p, which is equivalent to Q 2 -y{p) > 0 by the 
renormalisation formula (|19p for 7 e (0,1). Similarly, if wi{p) > 0, then 5'(s)l < 0, i.e. 
Q2'r{p) >0. □ 


Proposition 3.3. Assume (A1)-(A4). If the Webster scalar curvature Rg > 0 on M, then 
for 7 e (0,1) and f e C°°{M), we have: 

(a) if P 27 / > 0 then f > 0 ; 

(b) if P 27 / ^ 0 then / > 0 . 
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Proof. Denote s = Let u solves the equation 


- s{n + 1 - s)u = 0, M ~ (-/o)"’’’' ^fasp-^0. 
Then near boundary, u has asymptotical expansion: 

u = [f + {-prs{s)f +(-p)ui+o((-p)'"")] 

where 


Ui 


2s 


Sis)f = 2 

- - (~ 

-n- 2\2 


o-27r(-7) 


A;, + 


r(7) 

(re + 1 - s)^ 

re(re + 1) 


Re 




Similar as the proof of Proposition 13.21 ujvg satisfies 

^cl>V. 


(23) 


A, 


(;)■(•< 


re + 1 - s) - 




First, assume P 27 / > 0. This implies S{s)f < 0. If min^ / = f{p) < 0, then ui{p) < 0 and 
on the boundary 

f u\ 

min I — 1 = f(p) < 0 . 

M \ Vs) 

Applying maximum principle to (j23[) shows that there is no interior negative minimum. 
Hence u > f{p)vn+i-s = f{p){-p)"''^^~^ ah over X. So at {p,p) for ~ 0, 

f{p) + {-prS{s)f\p + (-p)rei(p) + 0 ((-p)'"") > f{p). 

This conflicts with S{s)f < 0 and ui{p) <0. So / > 0 on M. 

Second, assume T 27 / ^ 0. This implies S{s)f<0. If min^^ / = f{p) < 0, then ui{p) < 0 
and on the boundary 

/ re \ 

min I — 1 = f(p) < 0 . 

M \Vs/ 

Applying maximum principle to (I23h shows that there is no interior negative minimum. 
Hence re > f{p)vs = f {p){-p)'^'^^~^ all over X. So at {p,p) for p ~ 0, 

f{p) + {-pTS{s)f\, + (-p)rei(p) + 0{{-pf^^) > f{p). 

This conflicts with S{s)f < 0 and rei(p) <0. So / > 0 on M. 

□ 


Proposition 3.4. Assume (Al)-(A4). If the Webster scalar curvature Rq > 0 on M, then 
for 7 e ( 0 , 1 ), the bottom spectrum 0 /P 27 is positive. 

Proof. First the bottom spectrum of P 2 is positive since Rq > 0. Second we show that 
P 27 has no zero spectrum. By |Poj and |GS| . P 27 is hypoelliptic and Fredholm on suitable 
function spaces. Hence zero spectrum implies zero eigenvalue. Assume P 27 / = 0- Then 
/ e C°°{M). By part (b) of Proposition 13.31 P 27 / ^ 0 implies / > 0 and P 2 .y{-f) > 0 implies 
-/ > 0. Therefore / = 0. Finally by continuity argument, the bottom spectrum of P 27 is 
positive for all 7e(0,l). □ 

A similar proof as Proposition 13.31 shows that 

Proposition 3.5. Assume (Al)-(A4). If the Webster scalar curvature > 0 on M, then 
for 7 e (0,1) and f e C°°{M), 

(a) if P.yf > 0 on M then / > 0 ore M; 
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(b) if P^f >0 on M then either f >0 on M or 

nun / = f{p) < 0 , P^flp = 0 , Re{p) = 0 . 

Proposition 3.6. Assume (Al)-(Af). If the Webster scalar curvature Re >0 on M, then 



Proof. Since the resolvent R{s) is analytic at s = then S{s) ia analytic at s = For 
s = + \/^cr with fj 0 , we have 

S*{s) = S{s) = S{n - s), S(s)S(n - s) = Id. 

Hence by the meromorphic extension, 



Finally, by Lemma ISTGl and self-adjoint property of 5(^^), we have = -Id. □ 


4. Energy Identity 


Throughout of this section, we fix s = with 7 e (0,1). Assume (A1)-(A4) and 

(A5) The boundary CR structure {M,J,9) has positive Webster scalar curvature, i.e. 
> 0 on M. 

Hence by Lemma 13.31 p is strictly plurisubharmonic all over X. Now we have two Kahler 
metrics and Pp, associated with Kahler forms and u)p respectively. In local holomorphic 
coordinates, 

ojp = Pijdz^ ^ dP, ojfj, = (pijdz^ A dP. 


In our convention, we take 


A^tt = -(p^u. 


\n+l 


] 

n+1 


ApU = 


dvol^ = , dvolp = ( 2 wp)’' 

More over, near the boundary we have a second set of frame {ITa, IFq, H, H : a = 1,..., n} with 
coframe {0“, dp, dp'. a = 1,..., n}, which are compatible with the boundary CR-structure 
on each level set Mg, such that 


Un 


p- 


^-dp A dp^. 


We defined three functions: 

(a) Let V = Then by Lemma [3]1] 

A0U 


- s{n + l-s) = (n + l- sY{-p)I > 0 , where 




> 0, I = 


1-rp 


for p ~ 0 . 
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(b) Let w ~ ® as /9 ^ 0 and satisfy - s{n + 1 - s)w = 0. Then 

w = [l + {-pyw^ + {-p)wi + 0{{-p)^^'^)\ , where 




5(s)l = 2-2 t'I^Q27, wi 


-1 


(n + 1 - sY 


Re- 


r( 7 ) 2 s-n -2 n(n + l) 

Moreover, w > 0 since spec( A^) = [(n + 1)^/4, oo) by Proposition 13.21 
(c) Let u ~ {-p)^'''^~^f as p ^ 0 and satisfy A^u - s{n + 1 - s)u = 0. Then 

^ [/ + {-pTu^ + {-P)ui + Od-pY^"')] where 

.-27L(-7) 


u--, 


S{s)f = 2 - 


-^ 27 /, ui 


— ^ 

■ - n- 2 y 2 


r(7) ^ 2s 

Lemma 4.1. Assume (Al)-(A5) and letu = vU. Then 




n{n + 1 ) 


ApU + I 
\l- 7 / 


[p^fYUfj + (n + 1 - s){p% + fYUj) + (n + 1 - sYu] = 0 


[(-pY-'yN{U)\M = -27ii7> 
where = H + H satisfies dp{N) = 2. 

Proof. Direct computation shows that 

A^u - s{n + 1 - s)u = + I ^p^'p^Uij + (n + 1 - s){p’'Ui + + (n + 1 - • 

Using the asymptotic expansion of U, we pick out the global term as given above. □ 
Proposition 4.1. Assume (Al)-(A5) and letu = vU. Then 

dy(f fP 2 -yfeA{der= f (-p^ {[(|dp|2 - - pV] + (n + 1 - s) } dvolp > 0, 

where 


d. 


,7 - -72‘ 


-27 


r(-7) 

r(7) 


> 0 . 


Proof. In local holomorphic coordinates, 

dvol,^ = det H{(l))dz^ AdY a--a dz'^^^ a dz^^\ 

dvolp = det LI(p)dz^ a dY a ■■■ a dz^'''^ a dz^' 

1 


l:zn+l 


- - TTTWF'*™''’' 


dvol* = ^ILMdvol 

^ det H{p) 

By Lemma l4.ll and direct computation 

/ u{2s^u - s{n + 1 - s)u)dYolip 
J X 

= [(\dp\l -p)^pU + + (n + 1 - s){YU, + ffiUY + (n + 1 - sfU 

The volume form near boundary can be represented by 

dvolp = (N/M)”+Vdet[/i„^](9p AdpAd^ A A - Ad^ A 9^ 

= rdp A 0 A det[h^p]d^ Ad~^ a - a r a 0”) 

= rdpAdA{ddY. 


dvolp. 
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Here 0 = -^^(9/9 - dp) and 9 = = i*Q with X. Integrating by parts shows 

/ n( A^n - s(n + 1 - s)tt)dvol(^ 

= j^{-py''{[{\dp?p - p)p'~^ - yy] yuj + {n + l- s)^U^] dvolp + ju^f9 a {d9y 
Notice that (Idplp - p)p^^ ~ P^P^ = {~p )~^is positive definite. Hence 


{\dp\i-p)y^-py 


UiUj > 0 . 


Recall A^tt - s{n + 1 - s)u = 0. We finish the proof. □ 

Similar as the energy identity for adapted metric measure space in |CCj , we have a second 
energy identity here such that the interior energy has no zero order term. 

Lemma 4.2. Assume (Al)-(A5). Let w = vW and u = wU'= vWU'. Then 

[w ApU'-p^yWiUUW-^U') 

+1 [w^p^uy. + yyiWiUj + WjU') + (n + 1 - s)(p'c/' + yuj)w] = 0, 
X-p)^~'^N{U')\m = -2-/{u^ - w^f). 

Proof. By direct computation 

A^u -s{n + l- s)u = (W Ap U' - ff\WiU-. + W-jUD) + 

pn^ 2 -si + yy{WiU^. + WjUl) + (n + 1 - s){yul + fyu!^)W 

From the asymptotical expansion of u and w, we can calculate the global term in U'. □ 

Proposition 4.2. Assume (A1)-(A5). Let w = vW and u = wU'= vWLf. Then 

d^ (f {fp^f-Q^f)9A{d9)^= f {-p)~'yw^\{\dp\l-p)ff^-py]u'mdvoip>o, 

JM JX L A J 

where d.y is the same as in Proposition \4.1\ 

Proof. A similar computation as in the proof of Proposition 14.11 shows 
/ u{A^u - s{n + 1 - s)u)dvolfp 






{\dp\l- p)p'’^ - py 


U'Ujdvolp + 


-f{u^ - w^f)fe A {doy 


□ 


Corollary 4.1. Assume (Al)-(A5). For f € C°°(M), 

S fP2-yf9A(de)^> (£ Q2-yfe A(d9)'^. 

JM JM 

Remark 2 . In the energy identities in Proposition \4.1\ and Proposition \4.Pl near boundary 

'{\dp\l - p)p^ - pV] UiU-^ = O ((-p)|iV(t/)|2 + {-p)\T{U)\^ + h-^aUp) . 

Here {-p)\N{U)\‘^ = \drU\'^ if we take {-p) = r^. The degeneration in charaeteristic direction 
T, whieh eorresponds to the non compactness of the metric 


1 / Pip-j \ 
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is compatible with the Heisenberg calculus on the boundary. This is a bit different from the 

real case. 

Proof of Theorem 11.2b Part (a) is from Proposition 13.21 Part (b) is from Proposition 
13.31 Part (c) is from Proposition 13.41 and Corollary 14.11 

Proof of Theorem 11.3b Part (a) is from Proposition 14.11 Part (b) is from Proposition 

1121 
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